Resonant interactions between relativistic charged particles and oblique whistler mode waves are explored in this work, and it is shown that nonlinear phase trapping could happen in a gyrophase averaged sense, consistent with previous studies of interactions between nonrelativistic electrons and oblique whistler mode waves. A dimensionless parameter χ is derived to represent the ratio of wave-induced motion to the adiabatic motion of the particle. We show that phase trapping is likely to occur when the wave-induced motion dominates the adiabatic motion, which is caused mainly by the background fields. A mapping of probable regions of nonlinear interactions is shown based on the parameter χ . We show that the nonlinear interactions might be important near the equatorial plane for even moderate wave amplitude, and the latitudinal range for nonlinear interactions to occur is largest for electrons with local pitch angles around 50 degrees, consistent with previous findings. The results are important for understanding the nonlinear dynamics of relativistic radiation belt electrons and the generation of chorus waves.
Introduction
The Earth's outer radiation belt contains relativistic electrons and is very dynamic during disturbed times; electron fluxes could vary by several orders of magnitude (Reeves et al., 2003; Friedel et al., 2002) , making the radiation belt hazardous to spacecraft and astronauts (Baker et al., 1994 (Baker et al., , 1997 . Interactions between electrons and whistler mode waves have been established as one of the main mechanisms for controlling the dynamics of Earth's radiation belts from both observation and simulation (Horne and Thorne, 1998;  Correspondence to: X. Tao (xtao@atmos.ucla.edu) Horne et al., 2005a,b; Bortnik and Thorne, 2007; Furuya et al., 2008; Varotsou et al., 2008; Albert et al., 2009) . While most of the previous research on wave particle interactions in the outer radiation belt is based on the quasilinear theory, nonlinear interactions between electrons and whistler mode waves are considered to be important in two aspects.
First, recent observations of large amplitude whistler mode chorus waves (Cattell et al., 2008; Cully et al., 2008) bring question to the validity of using quasilinear theory to describe effects of chorus waves on electron dynamics. Quasilinear theory was developed to describe interactions between charged particles and small amplitude broad band waves (Kennel and Engelmann, 1966) . Even though a small amplitude monochromatic wave could be shown to give the same diffusion coefficients as a narrow-band limit of quasilinear theory when nonlinear effects such as phase trapping and bunching are not important (Albert, 2010) , increased amplitude of waves can introduce strong nonlinear effects and bring the use of quasilinear theory into question (Bortnik et al., 2008) .
Second, chorus waves are ELF/VLF whistler mode waves consisting of rising or falling tones seen at a fixed location (Santolík et al., 2003; Inan et al., 2004; Breneman et al., 2009; . The generation mechanism of chorus waves has been an outstanding question for some time (Omura et al., 1991) . Several mechanisms involving nonlinear interactions between electrons and waves have been proposed to explain the formation of rising and falling tones (Helliwell, 1967; Nunn et al., 1997; Omura et al., 2008 Omura et al., , 2009 . Omura et al. (2008) derived a simple equation for calculating chorus wave frequency sweep rates based on the inhomogeneity ratio for nonlinear interactions between relativistic electrons and a parallel propagating wave. Other proposed mechanisms for chorus wave generation include the backward wave oscillator model (Trakhtengerts, 1995) among others (Omura et al., 1991) .
The criterion for nonlinear interactions between parallel propagating whistler mode waves and nonrelativistic electrons has been derived by Dysthe (1971) and relativistic electrons by Omura et al. (2008) from the Lorentz equations of motion. The inhomogeneity parameter for nonrelativistic electrons and oblique whistler mode waves has been derived by Bell (1984) . Bell (1984) shows that while phase trapping could not exist in the ordinary sense as is the case of parallel propagating waves, it does exist in a gyro-averaged sense. A similar criterion has also been derived using Hamiltonian dynamics (Albert, 1993) . In this article, we generalize the theory of Bell (1984) to the relativistic case to explore nonlinear interactions between relativistic radiation belt electrons and oblique whistler mode waves.
We start from the relativistic Lorentz equations of motion and perform a linear analysis to write the equations in (p ⊥ ,p ,ζ ) coordinates in Sect. 2. Here p ⊥ and p are the momentum components perpendicular and parallel to the ambient magnetic field, respectively, and ζ is the phase angle between p ⊥ and the right hand component of the perpendicular wave magnetic field. A dimensionless parameter χ is derived as a criterion for nonlinear interactions in Sect. 3. We then produce a map of χ as a function of latitude and wave normal angle for a simplified case in Sect. 4, and summarize our results in Sect. 5.
Equations of motion in (p
We choose a Cartesian coordinate system with z axis along the background field direction. The background field is B 0 = B 0z e z +B 0⊥ , with B 0z the dipole field strength at z, which is the length along its field line from the equatorial plane. We choose
so that ∇ · B 0 = 0. Note that B 0⊥ /B 0z ∼ 0 ≡ ρ ⊥ /R, with ρ ⊥ the particle's gyroradius and R the planet radius. The above choice of the background field is equivalent to ignoring the curvature of the Earth's dipole field.
Equations of whistler wave fields
We now consider the interaction between a charged particle and a whistler mode wave. The whistler mode wave magnetic and electric fields with wave normal vector k = k(sinψ,0,cosψ) are given by
where ≡ k · dr − ωdt is the wave phase angle, ψ is the wave normal angle, and e i is the unit vector of the i-th axis.
Here the wave fields satisfy
which can be derived from Maxwell equations k × E w = ωB w and n × (n × E w ) + K · E w = 0 with n ≡ ck/ω the refractive index, and K the dielectric tensor (Stix, 1962, p. 10) .
Here P , S, and D are the usual Stix parameters, defined in Stix (1962, p. 10) , and c is the speed of light in vacuum.
It is convenient to define the R-and L-components of the perpendicular wave magnetic field according to
The relationship between B R , B L , and p ⊥ is shown in Fig. 1 . Similarly we define the R-and L-components of the perpendicular electric field as
and
The Lorentz equation of motion
The relativistic Lorentz equation of motion iṡ
Here q is the charge of the particle, m its mass, and γ ≡ 1 + p 2 /m 2 c 2 the relativistic factor. Note that the sign of the charge is contained in q, so for an electron q = −1.6 × 10 −19 C in SI units.
We now write the Lorentz equation using coordinates (p ⊥ ,p ,ζ ). Using θ ≡ tan −1 (p y /p x ), the angle between p ⊥ and e x (as shown in Fig. 1) , we have the angle between p ⊥ and B w ⊥ as ζ = θ + . To the lowest order in ≡ |B w |/B 0 , which is about 10 −5 ∼ 10 −3 for typical chorus waves observed in space (Bell, 1984; Tsurutani et al., 2009) , we havė
where ≡ qB 0z /γ m. Note that we have dropped the O( ) term in the above equation, because its gyro-averaged value is O( 2 ) (Bell, 1984) , thus the term will not contribute to the analysis in Sect. 3, where only terms up to O( ) are kept. Thuṡ
The equation describingṗ iṡ
By using the vector relations between p ⊥ and B R and B L as shown in Fig. 1 and keeping only first order terms in and 0 , it can be shown thaṫ
where ω R,L = qB w R,L /γ m and
The equation
where e ⊥ ≡ p ⊥ /p ⊥ , could be shown similarly to bė
where
Conditions for nonlinear interactions
As shown by Bell (1984) for the nonrelativistic case, phase trapping could happen in a gyro-averaged sense for obliquely propagating waves. To find the condition under which phase trapping could occur, we apply d/dt to Eq. (15) giving
to the lowest order in . We have assumed that k x ρ ⊥ does not vary significantly during one gyroperiod. Expanding the last term on the right hand side of the above equation, we havë
For interactions near the l 0 -order resonance so that l 0 + k v − ω 0 is satisfied, we define η = ζ − λ − (l 0 + 1)θ so thatη = l 0 + k v − ω and Here the time derivative of and v could be found simply from their definitions aṡ
The time rate of change of γ in Eqs. (26) and (27) could be found from the dot product of p and Eq. (13), which gives dp 2 dt = 2qE w · p,
and this leads to dγ 2 dt = dp 2 dt 1 m 2 c 2 = 2q
by the use of γ 2 = 1 + p 2 /m 2 c 2 . Consequently,
Substituting Eqs. (26) and (27) into Eq. (25) and using (30) gives us
Making use of the Bessel function identity
where J l (β) is the l-th order Bessel function of the first kind with argument β, we havë
Averaging over the rapidly oscillating gyrophase angle θ and using that η η through O( ) near the l 0 -th order resonance, we havë
with the argument of Bessel functions β and
Here C 1 , C 2 , and C 3 have the same expressions as Eqs. (32)- (34), but with all variables understood to be gyroaveraged. Equation (38) has the form of a driven pendulum equation. We define a dimensionless parameter χ = |ω 2 t |/|h(z,t)| to represent the ratio of the wave-induced motion (ω 2 t ) and the adiabatic motion (h(z,t)). When χ < 1, no phase trapping is expected. On the other hand, if χ > 1, an electron might be phase trapped so that η oscillates around some equilibrium value and the electron stays resonant with the wave, causing large changes of its energy and pitch angle. Previous theory also suggests that chorus waves are generated because of phase trapping of resonant electrons .
Applications to interactions between electrons and whistler mode waves
To estimate the importance of nonlinear interactions and to illustrate the use of the dimensionless parameter χ, we consider nonlinear interaction regions (in latitude λ and wave normal angle ψ) for an electron resonant with a constant frequency whistler mode wave at L = 5 with frequency ω = 0.1 ce0 , where ce0 is the electron gyrofrequency on the equatorial plane. A constant frequency whistler wave could come from VLF ground transmitters. For a discrete chorus element with rising or falling tones (Santolík et al., 2004) , the time rate change of ω should be considered in the calculation (e.g., Omura et al., 2008) . For simplicity, we also assume a constant density (n e = 10.0 cm −3 ) along the magnetic field line. Note that the second term in Eq. (40) is proportional tok . This term is of the order of ∂ /∂z for a parallel propagating wave with constant frequency, assuming constant electron density along the background magnetic field. However, so far there is no analytical model for calculating generalk for oblique waves along a field line. A full treatment of the problem could be conducted in combination of ray-tracing programs to calculate variation of k along a magnetic field line. In this work, we ignore thek term for illustration purposes. Nonetheless, the main feature of the nonlinear interaction regions are retained, as shown below. Figure 2 shows the parameter χ for the main counterstreaming gyroresonance l 0 = −1, for different local pitch angles and wave amplitudes. The χ is estimated by calculating the absolute value of the ratio of ω 2 t (Eq. 39) to h(z,t) (Eq. 40), where the factor ∂ /∂z is estimated using Earth's dipole magnetic field. We choose the electron's parallel and perpendicular velocities so that the first order resonance conditionη = − + k v − ω = 0 is always satisfied for each pitch angle, latitude, and wave normal angle. Regions where phase trapping could happen (χ > 1) are indicated by red color. From Fig. 2 , several features of phase trapping regions can be seen. First, it is easier for nonlinear interactions to occur near the equatorial region, where the inhomogeneity factor h(z,t) is small. Second, as the wave amplitude increases, the latitude range where phase trapping could happen becomes larger for a given α and ψ. At E = 1 MeV, the nonlinear effect is important and should be considered for α = 50 • and 70 • when B w y = 1 nT. Third, the latitude range for phase trapping is larger at α = 50 • than at 10 • and 70 • for a given α and ψ, thus it might be easier for nonlinear interactions to occur for electrons with medium pitch angles. This result is consistent with Inan et al. (1978) that deals with nonlinear interactions between nonrelativistic electrons and a parallel propagating wave. Inan et al. (1978) showed that, for the case they considered, χ is roughly proportional to tanα when α is small and (tanα) −1 when α is large, with a local maximum at α ∼ 75 • for the parameters they used, if all other parameters are kept constant (see Eq. 9 of (Inan et al., 1978) ). Fourth, the particular shape of nonlinear resonance regions when α = 70 • contains periodic "nulls" in ψ, and is related to a phenomenon called "anomalous phase trapping" by Bell (1984) . This anomalous phase trapping is caused by the change of sign of ω 2 t as explained in Bell (1984) . These features are consistent with previous results. 
Discussion and conclusions
In this work, we derived the equations that describe nonlinear interactions between relativistic electrons and obliquely propagating whistler mode waves from the Lorentz equation of motion. Previous work has been done on nonlinear interactions between nonrelativistic electrons and oblique waves or relativistic electrons and parallel propagating waves, but not both. Thus this work generalizes previous results of Bell (1984) and Omura et al. (2008) and is applicable to interactions between relativistic radiation belt electrons and oblique whistler mode waves.
Using a simplified model and ignoring effects ofk , we showed potential regions of nonlinear interactions between electrons and a constant frequency whistler wave. The main features we found are consistent with previous results, and nonlinear interactions might be important for electrons even with moderate amplitude whistler waves (0.1 nT) near the equatorial region. In general, the nonlinear parameter χ depends on wave amplitude, background inhomogeneity, particle's pitch angle, and the time variations of ω and k .
Effects ofk should be considered in a more careful evaluation of nonlinear interaction regions with the aid of a raytracing program. The overall importance of nonlinear interactions in radiation belt dynamics is currently under intensive research from the point of view of both theory and observation. Furthermore, phase trapping is generally considered to be important in the generation of chorus waves. Thus understanding the nonlinear interactions is an important step to better understand the dynamics of radiation belts.
